The Circle - The Conics

©S=x2+ y2 -2 (circle)
S =y2 - 4ax (parabola)
2 2

s=2 4+ _1 a>b (ellipse)
=—+—-1,a> i
a2 b2
X2 y2
S =———-———1 (hyperbola)
a2 b2

© S, = 0 for circle: xx; +yy, - r2=0
For parabola: yy, -2 ax -2 ax; =0

For ellipse: & +&— 1=0
a2 b2
XXy VY4
For hyperbola: ———-——-1=0
a2 b2
If y = mx + c is a tangent, then

For circle: c = +r V1 + m2

a
For parabola: c = —
m

For ellipse: ¢c = J_r\/ a2m? + b2
For hyperbola: c = + \/a2m2 —p?
& Tangent in slope form

For circle:y =mx = r \}1 +m?2

a
For parabola: y = mx +

For ellipse: y = mx = a2m? + b2
For hyperbola: y = mx + \/a2m2 - b2
@ Quadratic in 'm' at (x4, y4):

For circle:
2( 2

2) 2)=0

For parabola: m2x1 -my;+a=0

me(x4<—r —2x1y1m+(y12—r

For ellipse:

m2(x12 —a?) - 2xqy4m + (y12 -b?) =0

For hyperbola:

m2(x12—a2)—2x1y1m+(y12+b2)=O
. 2X4Y4
& Forcircle: m, + m, = ;
1 2 2_,2
2-
y12_r2
mym, =
172
x12—r2
F la: h a
or parabola: m+ m2=X—1,m1m2=X—1
For ellipse: _ 2
or ellipse: my +my =———
X;“-a
2_ 12
m,m 17 ob
12 =
X12_a2
2 X4y
For hyperbola: my+ m, = ———
2_ .2
X;“-a
y12+b2
m1m2=ﬁ

X4<—a
1
@ For Lrtangents (mym, = —1), locus equation:
For circle: X2 + y2 = 2 12
For parabola: x +a=0
For ellipse: X2 + y2 = a2 + b?
2 222 h2
For hyperbola: x< + y“=a“-b
& Point of contact of y = mx + ¢ with

2 2
. -mr< r
Circle: (—, —)

c ¢

Parabola: (i E)
m2 m

© S, =8y, for
Circle: xx; + yy, =x12 +y12

Parabola: yy, — 2 ax = y12 -2 axy

ciipse: Ly Wi _ X0 v
Ca? b2 a2 b2
X vy %% yP
Hyperbola:—z——=———

a b2 a2 b2
& Parameter point:
Circle: (r cos 6, r sin 0)
Parabola: (at?, 2 at)
Ellipse: (a cos 6, b sin 0)
Hyperbola: (a sec 6, b tan 6)
& Tangent at parameter:
Circle:xcos O +ysin0=r
Parabola: yt = x + at?

Ellipse: — cos 6 +— sin 6 = 1
ipse: — cos 6+ sin 6 =

X
Hyperbola: — sec 0 —% tan 6 =1

< Normal at parameter:
Circle: xsin®—-ycos6=0
Parabola:y + xt =2 at + atd

by

Ellipse: -— =a- b2
cos® sin®
ax b
Hyperbola: + v =a2+Db?
secO tan6

O If the circles X2 + y2 +2gx+2fy=0and
X2 +y2+2 g¢x + 2 f;y = 0 touch each other,
then show that gf; = g4f.

Ans: C; = (-g, -f); C, = (-g4, ;)

ry= \j<‘:)2+f2 ; To= \jg12 +f12
When the circles touch each other, we have

C,Cy = |r1ir2|
:>C1022=(r1 ir2)2
=(g-gy2+(-1,)?

2
=(\fg"‘+f2 + \jg12+f12)

:>g2+12+g12+f12—2gg1—21‘f1

=g?+P+g2+1,222 V(g2 + ) (942 +1,9
=-2 (g9, +ffy)

=+2 \192912 + f2f12 + g2 f12+ g12 2

= (994+ ffy )2 = 92912 + f2f12 + ng12 + g12f2
= 29g,ff; = g2 f12 + 912 2

= (of; —fgy)?=0

= gfy = g4f

.. Proved the result.

& Prove that the common tangents drawn to
the parabola y2 = 16x and the circle
x2 + y2 = 8 are given by the equations
y=%(X+4).
Ans:y2=16x s a=4;x2+y2=8=r=2+2
Any tangent to the parabola takes the form

4
y:mx+?(or)m2x—my+4:0

This is a tangent to the given circle implies

— | 0-0+4
2\/2 = | —
V' mé+ m2
V2
=1=

Vmé + m2

>mt+m2-2=0

= (m2+2) (M2-1)=0

=>m2-1=0 [m2+2 #0]
=>m=x%1

.. Thetangentsarey =t xt+ 4

But only y = x + 4 and y = —x — 4 are satis-
fied by the condition ¢ = %
. The common tangents are given as

y=t(x+4)

& Find the equation to the locus of all middle
points of the chords of the parabola y2 =4ax
and subtending a right angle at its vertex.

Ans: Let M (x4, y4) be any variable mid point of

the chord of the parabola y2 = 4ax, then
we have
S1 =Sy
= yy;-2ax=y,2-2ax,
yy1—2ax

Y12 -2 ax4 =
These chords subtend a right angle at the
vertex. This implies that

y2—4ax(1)=0
5 yyq— 2 ax
= yc-—4ax S oo =0
Y1 - 2 axq

= y2 (y42-2axq) - 4 axyys + 8ax2=0
For a right angle, x2 Coef. + y2 Coef. = 0
= y2-2axy+8a2=0
= y2—2ax+8a2 = 0is the required equa-
tion of the locus.
& Find the equation to the chord joining the
points P () and Q (B) on the ellipse

X torasb
a—2+ ﬁ_ ora>n.
X2 y2
Ans: For —+——=1, a>b, we have
a2 b2

P (o)) = P (a cos o, b sin o) and
Q (B) =Q (acos B, b sin B)
Now, the equation of the chord PQ is:

b sin B-bsina y—-bsina

acosf-acosa X —a cos o

o B—OL)
sin

2
o B+a -0
a[-2sin sin——
2 2

y —bsina

+
b (2 cos P

X —acos o

B+a

= b(cos )(x—acosa)

=—a(sin B;OL)(y—bsinoz)

B+a B+a
2

+ ay sin
> y

= bx cos

. CB+a B+ o
=ab |sin o sin > + COS 0. COS 5

]

= bxcos

+ ay sin
y 2

o
= ab.cos

X o+ +
:>—cos—B +lsin0c—[3
a 2 b 2

= COs

is the required equation.

& If the normal at one end of the latus rectum
of an ellipse passes through the other end of

the minor axis, then prove that
et+e2=1.
X2 y2
Ans: Let the ellipse be —+—=1(a>Db)
a2 p2

Let P (ae, b2/a) be one end of the latus rec-
tum and let Q (0, —b) be the other end of the
minor axis.

Normal at P is given by

2 2
a“x b
y 2_p2

ae b%/a
This passes thro' Q (0, —b) implies
0-a(-b) = a% - b2 = a%e?

2 2
a“-b
[...e2= ]
22

ab = a2 e?
a?p?=a%et

b2 =a2e*
a’(1-e’) =a’e*
= 1-¢e?=¢*

(o e*+e?=1

. The result proved.
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